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Properties of Preconditioners for Robust 

Linear Regression
V. Baryamureeba  and T. Steihaug 

In this paper, we consider solving the robust linear regression problem y = Ax + ∈ by 
an inexact Newton method and an iteratively reweighted least squares method. We 
show that each of these methods can be combined with the preconditioned conjugate 
gradient least square algorithm to solve large, sparse systems of linear equations 
efficiently. We consider the constant preconditioner ATA and preconditioners based 
on low-rank updates and downdates of existing matrix factorizations. Numerical 
results are given to demonstrate the effectiveness of these preconditioners.

1. Introduction
Consider the standard linear regression model
   y = Ax + ∈,            (1)
Where y ∈ ℜm is a vector of observations, A ∈ ℜmxn (m>n) is the data or design 
matrix of rank n, x ∈ ℜm is the vector of unknown parameters, ε ∈ ℜm and is the 
unknown vector of measurement errors. The residual vector r is given by

r(x)=y – Ax
rj (x) = yj – Aj . x, j= 1, ..., m,

where Aj . denotes the j th row of A. In the least squares method we minimize    

2
2)x(r

2
�

. 
In order to reduce the influence of outliers (observations that do not 

follow the pattern of the majority of the data and show extremeness relative to 
some basic model) we will consider the problem

 
     2

 
where ρ is a given function, and σ is a scale factor (connected to the data). The least 
squares problem is recovered by choosing  ρ (z) = z2 /2 for z ∈ ℜ. The functions ρ   
we are interested in are those that are less sensitive to large residuals. The variance 
of the observation errors is assumed to be known, and thus the scale σ is fixed. 
This corresponds to the situation where the variability of the process is under 
(statistical) control. The statistical properties have been thoroughly studied in the 
literature, see, for example (Huber, 1981). The linear regression model (1) has wide 
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applications in inverse theory (see, for example Farquharson and Oldenburg (1998) 
and Scales et al. (1988), and parameter estimation (see, for example Chatterjee and 
M¨achler (1997)). 

If ρ (z)  is a convex function (2) will have a unique minimum. We will consider 
functions that are twice continuously differentiable almost everywhere, with 
nonnegative second derivatives wherever they are defined. For the case when the 
variance is unknown, it is possible to obtain simultaneous estimates of the scale 
factors and the solution (Ekblom, 1988; Shanno and Rocke, 1986) but we will not 
pursue this case here. However, the results in this paper can be extended to the 
case when the variance is unknown.

The idea of using preconditioned iterative methods like preconditioned conjugate 
gradients has not been used much in solving linear regression models (O’Leary, 
1990; Scales et al., 1988) as compared to other approaches (e.g. direct methods). 
The subject of this paper is to suggest preconditioners with a theoretical backing 
combining the good properties of both direct and iterative methods for use in 
solving the robust linear regression problem. The paper explores the possibility to 
use a fixed preconditioner, corresponding to setting all weights to one. In addition 
we give numerical results to illustrate various properties of the preconditioners.

In Section 2 we formulate the problem as a sequence of weighted linear systems. 
We suggest preconditioners in Section 3. Section 4 is on implementation details. 
We discuss numerical results in Section 5 and concluding remarks are given in 
Section 6.  

Throughout this paper we use the following notation: The symbol mini  or 
maxi is for all i  for which the argument is defined. For any matrix A, Aij  is the 
element in the i th   row and j th  column, and Aj.  is the  j th row. For any vector 
x, xj,  is the j th component,  x is the vector of absolute values xj and  x>0 
means all the components of x are positive. For any matrix, vector, or scalar the 
superscript (k)  means the corresponding variable at the k th  iteration. The symbol 
I  is used to denote the (square) identity matrix; its size will always be apparent 
from the context. For any square matrix X  with real eigenvalues, λi(X)are the 
eigenvalues of X arranged in nondecreasing order, λmin  and λmax denote the 
smallest and largest eigenvalues of X respectively; i.e.

  λmin (X) ≡ λ1 (X)≤...≤ λn (X) ≡ λmax (X).
  
If X is a symmetric positive definite matrix, then

   λi (X
–1) =1/λn–i+1 (X)        

          (3)
and the spectral condition number of X  is K(X) ≡ λmax (X)/ λmin (X)  The letter   

L represents a lower Cholesky factor of a symmetric positive definite matrix. For 
any set ℑ,ℑ is the number of elements in ℑ.
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2 Problem Formulation 
For a known scale   the first order conditions for (2) are given by

F(x) ≡ ∇ƒ(x) ∑
=

m

1j  
∇ρ(rj (x)/σ) =  0vA0vA TT =

σ
=

σ
−

�or�
,                (4)

where v  is an m – vector with elements ρ'(rj (x)/σ).

2.1  Newton’s Method Approach

The inexact Newton method for solving the nonlinear system (4) with line-search 
(Dembo et al., 1982; Dembo and Steihaug, 1983) is given in Algorithm 2.1.
Algorithm 2.1 Inexact Newton Method with Line-Search Given initial x(0)  

and η (0) < 1 .

For k=0  step 1 until convergence do
Let ηk ≤ η (0) and find some ∆x (k) that satisfy

 F (xk) + F ′ (xk) ∆x(k) ≤ η (k) F (xk)         (5) 

Find α (k) so that (x (k)+α(k) ∆ x (k) ) is sufficiently less than  ƒ (x (k))
Set x(k+1) = x (k) +α (k) ∆ x (k).

To guarantee convergence a line-search is performed along the search direction   
∆ x (k) . The search direction will be a direction of descent (Dembo and Steihaug, 
1983) when the system is solved approximately using a preconditioned conjugate 
gradient method. The approximate solution ∆ x (k) will have a residual  q (k) .

 (1/σ) ATG (k) A∆ x (k) =ATv (k) + q (k)     (6) 

where q (xk) ≤ η(k)  ATv (k) and G (k) ∈ℜmxm is a diagonal matrix with diagonal 
elements

 (k)
jjG  =ρ′′(rj (x (k))/ σ) ≥O j = 1, ..., m.     (7)

For Newton’s method choose η (0) =0 .

2.2 Iteratively Reweighted Least Squares (IRLS) Method

The IRLS linear system corresponding to (4) differs from the Newton equation (6) 
in the weight matrix  . For the IRLS method (Antoch and Ekblom, 1995; Ekblom, 
1988).

 
(k)

jjG  =
 

,m,...,�j
/)x(r

)/)x(r(
)k(

j

)k(
j

'

=
σ

σρ

     (8)
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2.2.1    Approach

On the other hand, Scales et al. (1988) suggest another formulation of the IRLS 
algorithm based on the optimization problem: 

 
∑

jx
min |rj (x)|p

, 1 ≤ p 

 

where rj (x)  is defined in (1). The first order condition for (9) is the generalized 
normal equation

 ATGAx = ATGy       (10)

for rj (x) ≠ 0  and G is the diagonal matrix with diagonal elements |rj (x)|p – 2. For 
p = 2  (least squares) the usual normal equations are recovered. On the other hand, 
for p < 2    the weighting matrix G tends to eliminate the influence of outliers in 
the data by diminishing the influence of large residuals.

For k ≥ 0  we solve (10) for x(k+1) by solving a sequence of problems of the form

 ATG (k) Ax (k+1) = ATG (k) y, k ≥ 0      (11)

Choosing the weights{ (k)
jjG }  to be the inverses of residuals may cause the 

algorithm to be unstable for very small residuals. Huber (1981) suggests replacing 
rj (x(k))  with some lower cut–off value µ whenever |rj (x(k))< µ  . This, in addition 
to eliminating zero residuals, is sufficient to guarantee convergence of the IRLS 
algorithm (Scales et al., 1988). The cut–off value µ implies that beyond a certain 
point, all high-confidence observations (small residuals) are weighted the same.

2.3 General Iterative Scheme

Most of the algorithms for robust regression can be described by the following 
general iterative scheme:

Algorithm 2.2 General Iterative Scheme
Let the initial guess x(0) be given.

For 𝑘 = 0 step 1 until convergence do
 Compute right hand side h(k) and diagonal weight G(k)

 Find approximate solution ∆x(k) of

  ATG (k) A∆x(k) = h(k)       (12)

 Find  α (k) so that  ƒ(x(k) + α (k) ∆x(k)is sufficiently less than ƒ(x(k) .
  Set x(k+1) = x (k) + α (k) ∆x(k) .           
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We remark that the difference between the methods is essentially in the diagonal 
matrix G (k) . For the IRLS method  α (k) =1 will give convergence (Huber, 1981).

In Table 1 we state some functions and their derivatives (Coleman et al., 1980; 
Holland and Welsch, 1977). Except for the Talwar function the functions in Table 
1 are convex functions.

Table 1: The parameter β  is problem dependent.  ρ′ and ρ′′  stand for the first 
and second derivatives of ρ

3.  Preconditioner
Let G, H ∈ ℜmxm be semi-definite diagonal matrices. Here, ATHA is a 
nonsingular coefficient matrix (12) from a previous iteration with a known 
Cholesky factorization. We construct a preconditioner for the current coefficient 
matrix ATGA by carrying out low-rank corrections to ATHA  (Baryamureeba 
et al., 1999; Wang and O’Leary, 1995). We want to solve the linear system with 
coefficient matrix ATGA  and employ a preconditioned conjugate gradient least 
squares (PCGLS) method with a preconditioner ATKA , where K  is an m x m   
diagonal matrix constructed from H and G so that the difference between ATKA 
and ATHA  is a low-rank matrix. In this case, the Cholesky factorization of ATHA  
can be effectively used to solve linear systems with the preconditioner ATKA  as 
coefficient matrix.

For a given index set
 Q ⊆ {j:1≤ j ≤ m and Gjj Hjj},
   

let the m x m  diagonal matrices  D  and K  be given, respectively, by
    D=K – H 
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where Kjj { Qjif,G
otherwiseH

jj

jj

∈        (13)

Let 
−

A  ∈ ℜq x n, where q =Q consist of all rows Aj .  such that j ∈ Q  and 

let   
−
D   ∈ ℜq x q be the diagonal matrix corresponding to the nonzero diagonal 

elements of D. In this notation,

 ATKA = AT(H + D)A= ATHA+ AT 
−
D  

−
A ,

namely, ATKA  is a rank  q-correction of  ATHA. The elements in the preconditioner 
are determined by the choice of the index set Q .

Theorem 3.1 (Baryamureeba et al., 1999): Let K,G ∈ ℜm x m  be positive definite 
diagonal matrices. Then
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jj
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Let H ∈ ℜm x m be a positive definite diagonal matrix. For  Q ≠ ∅ let K  in Theorem 
3.1 be defined as in (13). Then the bounds in Theorem 3.1 simplify to

          (14)
 
since Kjj  = Gjj  for j ∈ Q  and Kjj  = Gjj  for j ∈ Q .

The preconditioned conjugate gradients least squares (PCGLS) method attain 
rapid convergence when the spectral condition number of the preconditioned 
matrix is close to one. With this in mind, (14) suggests that we should choose the 
index set   such that the spectral condition number k(K–1G)  is minimized. The 
preconditioner ATKA in (14) is directly applicable to weighted linear systems with 
positive definite diagonal weight matrices. Needless to mention, we can also apply 
this preconditioner directly to problem (11) with a cut–off value µ>0.

The normal equations arising from the application of an interior point method to 
a linear programming problem (see for example Baryamureeba et al. (1999)) are also 
of the form (12). The idea of using low-rank corrections is not new. In his seminal 
paper on the polynomial-time interior-point method for linear programming, 
Karmarkar (1984) proposed to use low-rank updates to decrease the theoretical 
complexity bounds. His idea has been pursued by many later papers for example 
Goldfarb and Liu (1991) for the similar reason. Moreover, a combination of a direct 
method and an iterative method was reported by Karmarkar and Ramakrishnan 
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(1991). Wang and O’Leary (1995) propose a strategy of preconditioning the normal 
equation system (with positive definite diagonal weight matrices G(k))  based on 
low-rank corrections, and in their implementation the index set Q consists of the 
indices corresponding to the largest absolute changes of G(j) (=H)  and G(k) (= G), 
j<k.  Baryamureeba et al. (1999) also construct preconditioners for the normal 
equation system based on low-rank corrections and they choose the index set Q   
to consist of indices corresponding to the largest relative changes of G(j) and G(k). 

In the area of robust regression, the idea of updates and downdates has been 
used, for example, by Antoch and Ekblom (1995), Ekblom (1988), O’Leary (1990), 
and Wolke (1992). Complete downdates based on the factorization of ATA  have 
been suggested (Wolke, 1992). In this paper we will suggest partial updates and 
downdates based on the factorization of ATA and ATHA. The purpose is not to 
replace the factorizations, but to reduce the number of factorizations needed.

3.1  Newton Method Approach

3.1.1  Huber and Talwar Functions

Newton’s method and the IRLS method lead to the same sequence of problems 
when the weighting function is the Talwar function. To see this, note that ρ′′(z)/z   
for the Talwar function. So we will only consider the Talwar function under the 
Newton method approach.

Theorem 3.2  Let G, H ∈ ℜm x m  be diagonal matrices with 0  or 1  on the
diagonal. Define
  ℑ1= {j: 1 ≤ m, Hjj = 1 and Gjj = 1} 

  ℑ2= {j: 1 ≤ m, Hjj = 1 and Gjj = 1} 

  ℑ3= {j: 1 ≤ m, Hjj = 1 and Gjj = 1} 
   

Let  AT = [ ]T
3

T
2

T
� A,A,A  be the matrix whose columns have been permuted 

so that A1, A2,  and A3 are block row partitions corresponding to the index 
sets ℑ1, ℑ2  and ℑ3 respectively. Let Q2 ⊆  ℑ2 ,  Q3 ⊆  ℑ3 and  Q = Q2∪ Q3 
and K∈ ℜq x n be defined in (13). Assume that ATKA  is nonsingular. Let M = 
(ATKA)–1 ATGA. Then

 λ (M) ≤ 1 + ∑ ∑ ∑
ℑ∈ ∈ ℑ∈











++λ

22 2 ssQ\j Qj Q\j
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T
.j.j

T
.j�

T
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If   ATGA  is nonsingular, then

 λ (M) ≤ 
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Proof: Observe that

ATKA = ∑ ∑
∈ ℑ∈

++
2 ssQj Q\j

.j
T
.J.j

T
.J�

T
� AAAAAA

 
and

ATGA = T
�A A1 + T

2A  A2 =  T
�A A1 + ∑∑

ℑ∈ℑ∈

−
3sss Q\j

.j
T
.J

Q\j
.j

T
.J AAAA

Thus

 ATGA = ATKA + ∑∑
ℑ∈ℑ∈

−
3sss Q\j

.j
T
.J

Q\j
.j

T
.J AAAA

    (15)

If   ( ATKA ) –1 exists then

 λi (( A
TKA ) –1 ATGA) ≤ 1 + ∑

ℑ∈

−

ss Q\j
2

�T2
2.j )AKA(A

   (16)

and if ( ATGA ) –1  exists then

 λi (( A
TGA ) –1 ATKA) ≤ 1 + ∑

ℑ∈

−

ss Q\j
2

�T2
2.j )AGA(A     (17)

Observe that λmin (X) = 1/ || X –1 ||2 for any symmetric positive definite matrix X. 
Then rest of the proof follows from (3).      
          
The following observations based on Theorem 3.2 are in order:

(i)  If Q = ℑ2   then

 
�
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+λ+ ∑  ≤ λi (( A

TKA ) –1 ATGA) ≤ 1.
 
(ii)  If Q = ℑ3  then

 ≤ λi (( A
TKA ) –1 ATGA) ≤ 1 + ∑ ∑

ℑ∈ ∈
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(iii)  If ℑ2 = ∅  then

 
�

Q\j
�

T
�min

2
2.j

s

)AA(/A�
−

ℑ∈










λ+ ∑

 
≤ λi (( A

TKA ) –1 ATGA) ≤ 1. (18)
 

Equation (18) corresponds to the case when we downdate .

For the case of Newton method with the Huber and Talwar functions, the 
diagonal matrix G in (6) has either 0’s or 1’s as diagonal elements. Thus we can use 

Theorem 3.2 to construct a preconditioner  where  is a diagonal 

matrix with  or  on the diagonal. The index set The sets  and 

 correspond to largest  for   and  respectively.
The Huber and Talwar functions may lead to singular linear systems when 

Newton method is used. Thus instead of solving a linear system of the form (12) 
we solve

where  is the stabilizing factor. When  is singular is likely to 

be singular too. Thus let be the preconditioner. Using (15) we can 
write

Let  denote the preconditioned matrix 

  Then using (16) we have

Using (17) followed by (3) we get

 
In what follows we will write  as  to simplify the notation.
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3.1.2  Fair and Logistic Functions

Theorem 3.3 Let . Let  be a positive definite diagonal matrix 
defined by

Let  and , and  be defined as in 
(13). Then

and

.

Proof: For the Fair function we have 

Thus

.

Applying Theorem 3.1 we have

  
                                                                                                   

Now note that  for  and for . 

Then repeating the same technique as for (19) the bounds on 
are

and 

For the Logistic function   Hence and

Applying Theorem 3.1 we get

   (20)
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Again notice that   for  and  for .

Repeating the arguments for (20) the upper bound on  is 

and the lower bound is 

 

Theorem 3.3 suggests that we should choose the index set  to consist of indices 

corresponding to the largest components of .

3.2  IRLS Method Approach

3.2.1  Approach

Let . Let be positive definite diagonal matrices defined 

by and For a given  let  
be defined as in (13). Then

    

 
and

 
Thus, to construct the preconditioner for the coefficient matrix in linear 
system (11), the results in (21) and (22) imply that we should consider indices 

corresponding to largest  and/ or smallest such that 

is minimized.
In the rest of this section we construct preconditioners based on modification 

of an existing factorization  
3.2.2  General Preconditioner Based on Huber, Fair, and Logistic Weighting  
  Functions

Theorem 3.4 Let  and be a positive definite diagonal matrix 
defined by
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                (23)
Then

.    
      (24)

Furthermore, let   and and 

be defined as in (13). Then 

Proof: The proof is in two parts. In the first part we give the proof of (24) based 
on each weighting function. In the second part we prove (25) based on (24) using 
the same technique as in the proof of Theorem 3.3.

Consider the Huber weighting function (23).

Then  and
 

  

Using Theorem 3.1 we have

.

Secondly, consider the Fair weighting function  

Then and

 
and (24) follows for the Fair weighting from Theorem 3.1.

For the Logistic function, we first note that for any  (see Rottmann, 1991: 
pp. 86)

                       (26)

From (23) we have    Thus using (26) we get
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and   Hence (24) follows from Theorem 3.1.
Theorem 3.1 states that

Next observe that  

 for . Hence (24) implies that 

   and

Theorem 3.4 suggests that we should choose the index set  to consist of indices  

corresponding to the largest components .

3.3  Computing with Preconditioners

We consider three cases:

1. Constant preconditioner : We compute the factorization  
once at the beginning and store the factor  for use throughout the whole 
of the iterative process.

 We note that the theoretical upper bounds for 
can be deduced from equation (18), Theorem 3.3, 

and Theorem 3.4.

2. Downdating  The results of equation (18), Theorem 3.3, and Theorem 
3.4 suggests modifying  at every iteration. Thus the linear systems 
involving the preconditioner as coefficient matrix (at every iteration) are 
of the form

                                            (27)

 Where   consists of rows of  corresponding to the index set 

. Thus at every iteration we carry out low-rank downdates to . 

Similarly, we compute the factorization once at the beginning 

and store the factor  for use throughout the whole of the iterative process. 
We suggest solving (27) by the Sherman–Morrison– Woodbury formula 
approach (Baryamureeba and Steihaug, 2000; Baryamureeba et al., 1999). 

3. Low-rank corrections to : Here we consider the case where 
 is a matrix from the previous iteration with a known 

factorization. The low-rank correction is determined by the choice of the 
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index set . We choose  based on (14) when  and  are both positive 
definite diagonal matrices or based on Theorem 3.2 for the case when 

 and  are semi-definite diagonal matrices. The low rank correction 
matrix corresponding to  is . Thus the linear systems involving 
the preconditioner as coefficient matrix are of the form 

                   (28)
 We suggest solving (28) by the Sherman–Morrison–Woodbury formula 

approach (Baryamureeba and Steihaug, 2000; Baryamureeba et al., 
1999) when we alternate between a direct solver and an iterative solver 
at every iteration, and by the approach based on modifying the factors 
(Baryamureeba and Steihaug, 2000) when we choose the solver adaptively 
(Baryamureeba, 2000; Wang and O’Leary,1995).

The factorization can be obtained directly by computing the Cholesky factorization 

 or from the  factorization of   for ill–conditioned 
problems.

We remark that using  as preconditioner in the early iterative stage and

 (a low-rank correction of ) during the late iterative stage may be 
computationally efficient.

4. Implementation Details 

Full Inexact Newton steps (i.e. the choice leads to superlinear 

convergence if  close to the solution. However, the Inexact Newton steps 
may not decrease the value of the objective function (2) away from the solution. 

Thus there is need to decrease the step length gradually until  is sufficiently 

reduced. The step-length  where is the smallest power so that

The implementation is done in MATLAB1 and we use the Matlab function 
symmmd to compute the symmetric multiple minimum degree ordering for matrix 

 for the sparse Cholesky solver chol. The iterative method is preconditioned 
conjugate gradient least squares (PCGLS) method as implemented in Baryamureeba 
and Steihaug (1999) using the Sherman–Morrison–Woodbury formula. The 
termination criteria in PCGLS routine are when either the number of PCGLS 

iterations has reached a prescribed integer  or when 

where  for   defined in (12). The weight matrix 

for Newton’s method is (7) and (8) for the IRLS method.
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We terminate the algorithm when  and 

 or when we exceed the maximum number of iterations 
allowed. For the starting value we use the least squares solution (Ekblom, 1988; 
Scales et al., 1988)

In numerical experiments we set  and The 
maximum number of iterations allowed is set to 100 iterations and the maximum 

number of PCGLS iterations is  in the numerical experiments.

5. Numerical Experiments    

5.1  Distribution of Eigenvalues of Preconditioned Matrix

We extract the matrix  from the netlib set (Gay, 1985) of linear programming 
problems. The true solution vector x is taken to be a vector of all ones, and the 

right hand side is chosen to be  except the outliers are obtained 
by adding  to  ( is number of outliers) randomly chosen elements 

of  In all experiments we set   and The percentage of 

high leverage points or “wild points” is below  in all test problems.
The observed behavior seems to be typical of many experiments we conducted 

on different test problems at different stages of Newton (or the IRLS) algorithm. 

In the figures  is the weight matrix at the previous iteration and  is the weight 

matrix at the current iteration. For positive definite  and  we choose the index 

set  such that the spectral condition number  is minimized. In all the 

figures  
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Fig 1:  The IRLS method with the Huber weighting function. The index 

set  is chosen according to Theorem 3.4. Test problem is blend 

Fig 2:  Newton’s method with the Fair weighting function. The index set   is  
similar to Theorem 3.3. 



Properties of Preconditioners for Robust Linear Regression     �� �� Advances in Systems Modelling and ICT Applications Properties of Preconditioners for Robust Linear Regression     �� �� Advances in Systems Modelling and ICT Applications

Figure 1 and 2 show the distribution of the eigenvalues of the preconditioned 

matrix are well described by the distribution of 

 is a lower bound of  and 
that introducing low-rank downdates may decrease the spectral condition number 

  Figure 1 and 2 support the choice of the index set based 

on the largest  (which corresponds to the smallest .
Corresponding results for the Fair and Logistic functions with the IRLS method 

lead to similar figures as in Figure 1. The Logistic function leads to similar results 

as Figure 2 if the index set  is chosen according to Theorem 3.3.

Figure 3: Newton’s method with the Fair weighting function. The index set  is 

chosen according to (14). We choose  so that  is minimized.

Figure 3 shows that we can form efficient low-rank correction preconditioners 

based on modifying  (a matrix from the previous iteration with a known 
factorization).

5.2  Performance of the Preconditioners on Sequences of Linear   
 Systems
In numerical tests we will use the following testmatrices:
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maros  and 

 We only give numerical results based on the 

preconditioners  and its corresponding low-rank downdate . In the 

tables  denotes the preconditioner. Outer refers to inexact Newton or the  

iterations and inner to total number of  iterations. The maximum number 

of downdates is set to  for all the results in Table 2, 3, 4, and 5. The actual 
number of downdates may be less than the maximum, for instance, for Huber and 

Talwar functions if  is less than the maximum in Theorem 3.2.
We will base our analysis on the values of outer and inner. The results in Table  

2 for the Talwar function show that we terminate by the maximum number 

of  iterations allowed,  at all iterations, for  when  
and  are used as preconditioners, and for maros when  is used as a 

preconditioner. This suggests that we should increase  or  so that the linear 
system can be solved to high accuracy. The results in Table 2 and 3 suggest that 
the Fair function is performing better than other functions on inexact Newton 
method. The results in Table 4 and 5 show that on average the Fair function is 
doing better than other functions on the IRLS method. The Logistic function is 
doing almost as well as the Fair function on the IRLS method. Comparing the 
results in Table 2 and 3 with the results in Table 4 and 5 we see that Newton’s 
method converges faster than the IRLS method, and the low-rank downdates do 

not lead to a significant decrease in the inexact Newton  iterations carried 

out (outer). Thus it is worthwhile to use  instead of its low-rank downdate 

 as preconditioner.
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Table 2: Inexact Newton method.  is a low-rank downdate of  

Problem
Huber function Talwar function

M Outer Inner M Outer Inner

28
39

1079
1452

6.70
6.70

100
100

4000
4000

7.54
36.2

28
28

1031
1019

14.6
14.6

100
98

4000
3960

14.7
14.5

12
14

258
312

17.2
17.2

16
12

328
328

16.4
16.4

18
16

454
415

19.7
19.7

11
11

354
355

18.0
18.0

Table 3: Inexact Newton method.  is a low-rank downdate of .

Problem
Fair function Logistic function

M Outer Inner M Outer Inner

13
11

462
392

6.52
6.52

24
17

849
559

6.67
6.67

9
8

275
251

14.6
14.6

19
21

667
728

14.6
14.6

8
8

123
115

17.2
17.2

13
10

199
143

17.2
17.2

9
9

133
129

19.7
19.7

15
10

333
239

19.7
19.7



Properties of Preconditioners for Robust Linear Regression     �� �� Advances in Systems Modelling and ICT Applications Properties of Preconditioners for Robust Linear Regression     �� �� Advances in Systems Modelling and ICT Applications

Table 4:  Inexact  method.  is a low-rank downdate of . The 
results for the Talwar function are the same as in Table 2.

Problem
Huber function

M Outer Inner

76
75

3064
2982

6.70
6.70

76
76

845
826

14.6
14.6

11
11

59
54

17.2
17.2

20
20

81
76

19.7
19.7

Table 5: Inexact IRLS method.  is a low-rank downdate of 

Problem
Fair function Logistic function

M Outer Inner M Outer Inner

49
48

1987
1914

6.52
6.52

54
53

2178
2097

6.67
6.67

28
28

394
374

14.6
14.6

24
24

303
281

14.6
14.6

10
10

57
53

17.2
17.2

9
9

53
48

17.2
17.2

14
14

72
67

19.7
19.7

15
15

69
64

19.7
19.7

6. Conclussion
The paper suggests preconditioners for both Newton and IRLS methods. And 
the theoretical results give bounds on the spectral condition numbers of the 
preconditioned matrices. The numerical results do demonstrate the theoretical 
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results. The numerical results show that the suggested preconditioners are promising 
and merit further study, especially in the presence of high leverage points or a 
high percentage of “wild points”. The paper opens new ways to solve large, sparse 
regression problems using robust alternatives to least squares criterion.

References
Antoch, J., and Ekblom, H. (1995). Recursive Robust Regression Computation Aspects and 

Comparison, Computational Statistics and Data Analysis, 19: 115-128.

Baryamureeba, V. (2000). Solution of Large-Scale Weighted Least Squares Problems, Technical 
Report 186, Department of Informatics, University of Bergen, Bergen, Norway.

Baryamureeba, V., and Steihaug, T. (1999). On a Class of Preconditioners for Interior Point 
Methods, Proceedings of the 6th Meeting of the Nordic Section of the Mathematical 
Programming Society, Opuscula 49, ISSN 1400–5468.

Baryamureeba, V. and Steihaug, T. (2000). Computational Issues for a New Class of 
Preconditioners, Large-Scale Scientific Computations of Engineering and Environmental 
Problems II, Series Notes on Numerical Fluid Mechanics, VIEWEG, 73: 128–135.

Baryamureeba, V., Steihaug, T., and Zhang, Y.,(1999) Properties of a Class of Preconditioners 
for Weighted Least Squares Problems, Technical Report 170, Department of Informatics, 
University of Bergen, Bergen, Norway.

Chatterjee, S. and M¨achler, M. (1997). Robust Regression: A Weighted Least Squares 
Approach, Communications in Statistics, Theory and Methods, 26: 1381-1394. 

Coleman, D., Holland, P., Kaden, N., Klema, V., and Peters, S.C. (1980). A System of 
Subroutines for Iteratively Reweighted Least Squares Computations, ACM Transactions 
on Mathematical Software, 6: 327-336.

Dembo, R.S., and Steihaug, T. (1983). Truncated Newton Algorithms for Large-Scale 
Unconstrained Optimization, Mathematical Programming, 26: 190-212.

Dembo, R.S., Eisenstat, S.C., and Steihaug, T. (1982). Inexact Newton methods, SIAM Journal 
of Numerical Analysis, 19: 400-407.

Ekblom, H. (1988). A New Algorithm for the Huber Estimator in Linear Models, BIT, 28: 
123-132.

Farquharson, C.G., and Oldenburg, D.W. (1998). Non Linear Inversion Using General 
Measures of Data Misfit and Model Structure, Geophysical Journal International: 213-
227.

Gay, D.M. (1985). Electronic Mail Distribution of Linear Programming Test Problems, 
Mathematical Programming Society, COAL Newsletter, No. 13: 10-12.

Goldfarb, D., and Liu, S. (1991). An o (n3L) Primal Interior-Point Algorithm for Convex 
Quadratic Programming, Mathematical Programming, 49: 325–340.

Holland, P.W., and Welsch, R.E. (1977). Robust Regression Using Iteratively Reweighted 
Least Squares, Communications in Statistics: Theory and Methods, A6: 813-827.

Huber, P.J. (1981). Robust Statistics, J. Wiley, New York, NY.

Karmarkar, N. (1984) A New Polynomial Time Algorithm for Linear Programming, 
Combinatorica, 4: 373-395.



Properties of Preconditioners for Robust Linear Regression     �� �� Advances in Systems Modelling and ICT Applications Properties of Preconditioners for Robust Linear Regression     �� �� Advances in Systems Modelling and ICT Applications

Karmarkar, N.K., and Ramakrishnan, K.G. (1991).Computational Results of an Interior Point 
Algorithm for Large-Scale Linear Programming, Mathematical Programming, 52: 555-
586, 

O’Leary, D.P. (1990). Robust Regression Computation Using Iteratively Reweighted Least 
Squares, SIAM Journal of Matrix Analysis and Applications, 11: 466-480.

Rottmann K. (1991) Mathematische formelsammlung, 4. Auflage, B.I.-Hochschultaschenbuch, 
Band 13, ISBN 3-411-70134-X (in German).

Scales, J.A., Gersztenkorn, A., and Treitel, S. (1988). Fast lp Solution of Large, Sparse, Linear 
Systems: Application to Seismic Travel Time Tomography, Journal of Computation 
Physics, 75: 314-333.

Shanno, D.F., and Rocke, D.M. (1986) .Numerical Methods for Robust Regression: Linear 
Models, SIAM Journal on Scientific and Statistical Computing, 7: 86-97. 

Wang, W., and O’Leary, D.P. (1995). Adaptive Use of Iterative Methods in Interior Point 
Methods for Linear Programming, Report CS-TR-3560, Computer Science Department, 
Institute for Advanced Computer Studies, and Report UMIACS-95-111, University of 
Maryland.

Wolke, R. (1992). Iteratively Reweighted Least Squares: A Comparison of Several Single Step 
Algorithms for Linear Models, BIT, 32: 506-524.




